Abstract. A splitting field of a central simple algebra is said to be absolute Galois if it is Galois over some fixed subfield of the centre of the algebra. The paper provides an existence theorem for such fields over global fields with enough roots of unity. As an application, all twisted function fields and all twisted Laurent series rings over symbol algebras (or p-algebras) over global fields are crossed products. A closely related statement holds for division algebras over Henselian valued fields with global residue field.
Introduction
A global field is a finite extension of Q or F p (t) and by a valuation on it we mean a nontrivial absolute value in the nonnegative real numbers, archimedian or nonarchimedian. Let 
where parentheses stand for the greatest common divisor. We say that L/K has full local degree at v if the corresponding bound in (1) is achieved for all w|v.
For non-archimedian v this is equivalent to saying that v extends uniquely to L. Throughout the paper S denotes a finite set of pairwise inequivalent valuations on K. The extension L/K is said to have full local degree in S if L/K has full local degree at each v ∈ S. We refer to the following well-known statement as the
The set of nonzero Hasse invariants is always finite. Consequently, every central simple K-algebra is cyclic (i.e. has a maximal subfield cyclic over K). This statement is considered the primary application of the weak Grunwald-Wang Theorem. Now, let k ⊆ K be a subfield such that K/k is Galois and let m ∈ N. As before, S is a finite set of pairwise inequivalent valuations on K. We denote by (K/k, m, S) the
Generalized Weak Grunwald-Wang Problem. Does there exist a cyclic extension L/K of degree m with full local degree in S such that L/k is Galois ? Any such L is said to be a solution to (K/k, m, S). A solution is called abelian (cyclic) if L/k is abelian (cyclic).
Example. (Q(ζ 7 + ζ −1 7 )/Q, 3, {2}) has no solution. 2 We say that a splitting field or maximal subfield of a central simple K-algebra A is k-Galois if it is Galois over k. The term absolute Galois is used alternatively if there is no ambiguity about k. Recall that A is called a crossed product if A contains a K-Galois maximal subfield. The existence of a k-Galois maximal subfield is thus stronger than A being a crossed product. According to the local-global principle, (K/k, m, S) has a solution for all S if and only if every central simple K-algebra of degree m has a k-Galois splitting field of degree m over K, if and only if every central simple K-algebra contains a k-Galois maximal subfield.
Absolute Galois splitting fields occur naturally in the classification of crossed products over valued fields. For instance, if k is an arbitrary perfect field then any division algebra central over k((t)) is a crossed product if and only if the residue division algebra (with respect to the t-adic valuation) contains a k-Galois maximal subfield. As another example, any twisted Laurent series ring A((x; σ)) or twisted function field A(x; σ) over a simple algebra A with σ ∈ Aut(A) is a crossed product if and only if A contains a k-Galois maximal subfield where k is the field of central 1 maximal as a commutative subring of A 2 Here, ζ 7 denotes a primitive 7-th root of unity. We briefly sketch the argument : if L is a solution then L/k is either cyclic or elementary abelian because the degree [L : K] is 9. There is no cyclic solution because the prime 7 ramifies in Q(ζ 7 + ζ −1 7 ) and Q 7 has no totally ramified cyclic extension of degree 9. The prime 2, on the other hand, is inert in Q(ζ 7 + ζ −1 7 ). Since Q 2 has no totally ramified cyclic cubic extension, L/k can not be elementary abelian and have full local degree at the 2-adic valuation. In the situation of Theorem 1, the centre Z(D) is known to be an abelian extension of F with the abelian rank bounded by the rank of the valuation (cf. [14, Lem. 5.1]). In particular, Z(D)/F is cyclic if the valuation is discrete (for instance, in the two examples given before Theorem 1). This creates a special interest in the case K/k cyclic of the generalized weak Grunwald-Wang problem. It shall be pointed out that despite the connection made by Theorem 1, the present paper does not require any knowledge about valuations on division rings (with the exception of the last corollary).
Consequently from Theorem 1, division algebras without absolute Galois maximal subfield can lead to noncrossed products. More precisely, the case K/k cyclic can give noncrossed products over k(t) and k((t)), while the case K/k abelian of rank r can give noncrossed products over k(t 1 , . . . , t r ) and k((t 1 , . . . , t r )). This was first demonstrated by E. Brussel [7] who proved for number fields k the existence of cyclic extensions K/k and K-central division algebras D without k-Galois maximal subfield (cf. [7, Lem. 5] ) and derived from it the existence of noncrossed products over k(t) and k((t)). The realizable range of degrees of K/k and D/K depends on the number of roots of unity present in k. Another example with K/k bicyclic and D a quaternion algebra can be found in Hanke [11] .
A certain type of k-Galois splitting fields, namely those that are composites of K with a cyclic extension of k, were studied already by Albert [4, §9] . Later, Liedahl [18] characterized the Q(i)-division algebras with Q-Galois maximal subfields. Note that an error in Albert's assumptions was discovered by Liedahl and the statement was corrected in [18, Prop. 6] .
This paper is concerned exclusively with the case K/k cyclic of the generalized weak Grunwald-Wang problem and proves the following theorem. The notation µ m ⊂ F means that a field F contains all m-th roots of unity of its algebraic closure.
Main Theorem. Let K/k be a cyclic extension of global fields and let m ∈ N. For any S,
The Main Theorem can be regarded as the explanation why Brussel's proof for the existence of noncrossed products in [7] depends on the absence of certain roots of unity. The assumption on K/k being cyclic is necessary. Indeed, it is shown in [11, Thm. 6.2] that (Q( √ 3, √ −7)/Q, 2, {3, 7}) has no solution. Because of the presence of roots of unity the proof of the Main Theorem requires only Kummer theory (resp. Witt vectors) plus the approximation theorem. This is in analogy to the Grunwald-Wang Theorem which also has such an elementary proof if enough roots of unity are contained in the ground field (cf. Hasse [13, §4] ). As a consequence the Main theorem holds in principle over arbitrary multi-valued 1 fields instead of global fields (in the sense of Lorenz-Roquette [19] , cf. the remark made there at the end of §1.1). Only, one has to assume the existence of enough cyclic extensions over the completions as it is made precise in Theorem 2. However, this kind of generalization will not be pursued in this paper.
For the following application recall that a symbol algebra of degree m over a field K with (char K, m) = 1 and µ m ⊂ K is a central simple K-algebra generated by two elements x, y subject to the relations
for some a, b ∈ K * and ζ a primitive m-th root of 1. A p-algebra, p prime, is a central simple algebra of p-power degree over a field of characteristic p.
Corollary. Let A be a central simple algebra over a global field. If A is a tensor product of a symbol algebra with a p-algebra (the factors are allowed to be trivial) then any twisted Laurent series ring A((x; σ)) and any twisted function field A(x; σ) over A is a crossed product.
The corollary is a complementary result to the noncrossed product twisted Laurent series ring D((x; σ)) from Hanke [12] , where D is a cyclic cubic division algebra.
Remark. Wang [23] discusses cyclic solutions to the "strong" generalized GrunwaldWang problem, where not only local degrees but also the local completions are prescribed.
The structure of the paper is as follows. Section 1 provides an existence statement (Theorem 2) for certain local elements that will serve as Kummer radicands in our construction; section 2 proves the Main Theorem split up into the statement on cyclic solutions (Theorem 3) and the statement on general and abelian solutions (Theorem 6); section 3 formulates the Main Theorem in terms of k-Galois splitting fields of central simple algebras (Theorem 7) and derives two versions of a crossed product characterization (Corollaries 2 and 3). There is an appendix on Albert's Theorem on the cyclic embedding problem. 1. Preliminaries
Notations. If k is a field then k
* is the multiplicative group of nonzero elements. For any m ∈ N we denote by µ m (k) the group of all m-th roots of unity contained in k. The statement µ m ⊂ k is short for µ m (k) ⊂ k where k is the algebraic closure of k. Note that we include in this notation the case char k|m in which µ m ⊂ k is equivalent to µ m0 ⊂ k where m 0 is the greatest divisor of m prime to char k.
Unless stated otherwise, a valuation is meant to be a nontrivial archimedian or non-archimedian valuation of rank 1, i.e. the values are real numbers. Throughout the paper S denotes a finite set of pairwise inequivalent valuations on the global field K. The complex archimedian valuations v on K are not of interest for the matter of splitting fields because all central simple K-algebras are already split over the completion K v = C. We therefore assume for the sake of simplicity that no such valuations occur in S (in fact, a few statements of this paper would require slight modifications if complex valuations were allowed in S). Define S 0 ∪ S ∞ to be the partition of S into its non-archimedian and archimedian valuations. If v is a valuation on K ⊇ k we simply denote the restriction of v to k also by v. The completions with respect to v are denoted k v and K v , respectively.
Irreducible Binomials. Let k be field and consider the binomials x
n − a with a ∈ k. Let p denote a prime unless stated otherwise. We recall a well-known theorem (e.g. Lang [17, Ch. VIII, §9]) :
Obviously, a ∈ −k 2 implies a ∈ −4k 4 . The condition a ∈ −k 2 is not only more convenient to check, it also carries over to Galois extensions of k in the following sense.
Proposition 1. Let a ∈ k and n ∈ N. If 4 divides n we assume a ∈ −k 2 . Then one has for all Galois extensions K/k :
Before starting with the proof we make a few general observations. As an immediate consequence of (2),
If char k = 2 then trivially
and by (2), a ∈ −k 2 and a ∈ k 4 ⇐⇒ x 4 + 4a irreducible over k.
Proof of Proposition 1. The case char k = 2 or 4 ∤ n of the assertion is already included in (2), so we assume throughout the proof char k = 2 and 4 divides n. Hence a ∈ −k 2 is also assumed by hypothesis. Let K/k be a Galois extension. Owing to (2) , it remains to show that a ∈ K 2 implies a ∈ −4K 4 . Let a ∈ K 2 . In particular, a ∈ k 4 and x 4 + 4a is irreducible over k by (6) . If a ∈ −4K 4 we get a contradiction as follows. On the one hand, a ∈ −K 2 , hence −1 ∈ K 2 . On the other hand, since the irreducible polynomial x 4 + 4a has a root in K and K/k is Galois, it splits completely over K. Hence −1 ∈ K 2 , a contradiction.
The following remark is not further used in this paper but stated for completeness. It shows that the assumption of Proposition 1 is necessary.
Remark. Let a ∈ k and n ∈ N. If a ∈ k 2 and 4 divides n then (3) implies a ∈ −k 2 .
Proof. Suppose a ∈ k 2 , 4|n and (3) holds. Assume char k = 2, for otherwise a ∈ −k 2 is trivial. We assume a = −b 2 for some b ∈ k and derive a contradiction. The fields K 1,2 = k( √ ±2b) both contain a root of x 4 + 4a. Hence, a ∈ −4K 4 i by (5) . Since 4|n this means by (2) that x n − a is reducible over K i . The property (3) then implies
Since a ∈ −k 2 we get a ∈ k 2 in contradiction to the hypothesis. Proof. First observe that the hypothesis on k implies U := k * p −1 = k * . For, if p = 2 then U = k * p = k * , and if p = 2 then k * /k * p is not cyclic. Let K/k be any cyclic extension and define
Remark. The assumptions of Theorem 2 are necessary. Indeed, if µ p ⊂ k and k * /k * p is cyclic then by Kummer theory there is a unique cyclic extension K/k of degree p. Hence x p − a with a ∈ k * is never irreducible over that K. Also, Theorem 2 does not generalize to non-cyclic extensions K/k. For instance, the field Q 3 of 3-adic numbers has exactly three quadratic extensions. Thus, Theorem 2 does not hold for k = Q 3 , p = 2 and K the unique biquadratic extension of k.
Lemma 1. Let k be a field with a non-archimedian discrete valuation. For any prime p we have
where U k denotes the valuation units.
Proof. Let a ∈ k * be a uniformizer. Plainly,
is not cyclic because it is a group of exponent p and a ∈ k * p u . Conversely, suppose U k ⊆ k * p . Since for any x ∈ k *
we have x = a r u with r ∈ Z and u ∈ U k it follows k * = k * p a .
A local field is the completion of a global field with respect to some nonarchimedian valuation, i.e. a finite extension of Q l or F l ((t)).
Corollary 1. Any local field satisfies the assumptions of Theorem 2.
Proof. Let k be a local field and p = char k. If U k ⊆ k * p and µ p ⊂ k then k contains all p-power roots of 1. Since this is obviously not the case for finite extensions of Q l or F l ((t)), the statement follows from Lemma 1 (the valuation is discrete).
Proof of the Main Theorem
We divide the Main Theorem into the statement about cyclic solutions (Theorem 3) and the statements about general and abelian solutions (Theorem 6), reflecting the different nature of their proofs. Moreover, the proof for general and abelian solutions makes use of the cyclic result when dealing with the degree part that is a power of char k. The rest of this section is devoted to the proof of Theorem 3. We start by giving two easy lemmas which reduce consideration to the case where [K : k] and m are both powers of the same prime number. For any prime p we denote by m p the maximal p-power dividing m, by K p the unique subfield of K/k with maximal ppower degree, and by S p the finite set of pairwise inequivalent valuations on K p which is obtained from S by restricting each valuation to K p .
Lemma 2. (K/k, m, S) has a cyclic solution if and only if
Proof. The "only if" part is trivial. The "if" part follows from two easy facts using induction on the number of prime divisors in m.
Next, we show in the following proposition that Theorem 3 further reduces to the case S = ∅ which is a global cyclic embedding problem without any local condition.
Proposition 2. (K/k, m, S) has a cyclic solution if and only if
Remark. Proposition 2 does not hold if one replaces "cyclic solution" with "abelian solution" or "solution". As an example, (Q(ζ 7 + ζ −1 7 )/Q, 3, {2}) has no solution but (Q(ζ 7 + ζ −1 7 )/Q, 3, ∅) clearly has abelian solutions. Before starting the proof we briefly recall some well-known facts about the correspondence between cyclic extensions and characters of absolute Galois groups. Let k in this paragraph be any field, k its separable closure and G = Gal( k/k) its absolute Galois group, a pro-finite group. Denote by X(G) the abelian group Hom c (G, C * ) of continuous characters of G (where C * is equipped with the discrete topology). Any ϕ ∈ X(G) defines an extension k(ϕ)/k of degree ord ϕ by taking k(ϕ) the fixed field of ker ϕ. For, we have Gal(k(ϕ)/k) = G/ ker ϕ ∼ = im ϕ and the image of any ϕ ∈ X(G) is the finite group µ n (C * ) where n = ord ϕ. Conversely, any cyclic finite extension of k is obtained in this way. Obviously, for any l ∈ N, we have k(ϕ l ) ⊆ k(ϕ) and
If ϕ, ϕ ′ ∈ X(G) both have p-power order, p prime, and ord ϕ = ord ϕ ′ then
For any valuation v on k denote by G v the absolute Galois group of k v and by ϕ v the restriction of ϕ ∈ X(G) to the subgroup G v . If w is a valuation on k(ϕ) and 
Let w|v be valuations on L and K respectively. By (10) we have In particular, ord(ψχ) ≥ p s because S 0 was assumed to be nonempty. Clearly, (ψχ)
The cyclic embedding problem is classically answered over arbitrary fields by the following two theorems. Let K/k be any finite cyclic extension and let m ∈ N. Together with Proposition 2 this completes the proof of Theorem 3. Indeed, a global field k has cyclic extensions of any degree. Hence, Theorem 4 (without the assumption on char k) states that (K/k, m, ∅) has a cyclic solution if and only if
Remark. Proposition 2 -on which Theorem 3 relies -makes use of the weak Grunwald-Wang Theorem. However, since Theorem 3 assumes µ m ⊂ k, the weak Grunwald-Wang Theorem needs to be invoked within the proof of Proposition 2 only for degrees p s with µ p s ⊂ k. It is well-known that this case of the GrunwaldWang Theorem (even the strong version) can be proved quite elementally with Kummer theory (cf. Hasse [13, §4] ). Therefore, the claim of the introduction that the Main Theorem requires only Kummer theory plus the approximation theorem is not affected by this use of Grunwald-Wang.
Remark. The case of Theorem 3 where m is a power of char k was originally proved in [10, Thm. 6.7].
2.2. General and abelian solutions. Let K/k be a cyclic extension of global fields and let m ∈ N.
Proof. By taking field composita the proof reduces to the case m = p s , p prime. We assume p = char k, for otherwise there is even a cyclic solution by Theorem 3.
Suppose µ p s ⊂ K. By Theorem 2 and Corollary 1, we can choose for each
Recall that in a complete valued field k with char k ∤ n any element sufficiently close to 1 is an n-th power Remark. In fact, Theorem 7 is equivalent to Theorem 6 (i). For, if K is a global field and µ m ⊂ K then any central simple K-algebra of degree m is a tensor product of a symbol algebra with a p-algebra. Furthermore, for any S there exists a central simple K-algebra of degree m that has a Hasse invariant of order m at all v ∈ S 0 1 and of order (2, m) at all v ∈ S ∞ . Theorem 7 thus implies Theorem 6 (i) by the local-global principle.
We first apply the result to twisted Laurent series rings and twisted function fields. A brief recollection of these constructions follows; for a thorough reference see Cohn [8, §5.2] (other sources are Pierce [20, §19.7] and Jacobson [16, §1.10] but they treat only Laurent series). Let A be a central simple K-algebra and let σ be an automorphism of A whose restriction σ| K is of finite order. The twisted Laurent series ring A ((x; σ) ) is the ring of Laurent series over A where the indeterminate x acts on A via σ : xdx −1 = σ(d). A subring of A((x; σ)) is formed by the twisted polynomials, and the ring of central quotients of this subring is called the twisted function field A(x; σ). The centres of A((x; σ)) and A(x; σ) can be identified with k((t)) and k(t), respectively, where k is the fixed field of σ| K and t is a commuting indeterminate. Over these fields A((x; σ)) and A(x; σ) are central simple algebras of degree [K : k] · deg A.
Corollary 2. If K is a global field and
A is a tensor product over K of a symbol algebra with a p-algebra then A((x; σ)) and A(x; σ) are crossed products.
Proof. Let L be a k-Galois maximal subfield of A by Theorem 7. Since A is identified with Ax 0 , L is also a subfield of A((x; σ)) and A(x; σ). Obviously, L((t))/k((t)) and L(t)/k(t) are Galois extensions of degree [L : k]. Since A((x; σ)) and A(x; σ)
k] these two algebras are crossed products.
Remark. Corollary 2 is no longer true for iterated twisted Laurent series rings or function fields. Indeed, [11] exhibits a noncrossed product example of the form D((x; σ))((y; τ )) resp. D(x; σ)(y; τ ) with D a quaternion division algebra.
Remark. Corollary 2 should be seen in contrast to the example from [12] of a noncrossed product twisted Laurent series ring D((x; σ)) with D a cyclic cubic division algebra. A considerable difficulty in making the example from [12] explicit was the computation of the automorphism σ of D, achieved only with the help of a computer algebra system. Since this task is easier for symbol algebras (cf. Hanke [11, Prop. 3.2] ) it is natural to ask whether there are noncrossed products of the form D((x; σ)) with D a symbol algebra. Corollary 2 states that this is not the case (over global fields).
For division algebras Corollary 2 can be viewed more generally in the context of valued division algebras that are inertially split. See Schilling [21] for an introduction to valuations on division algebras and Jacob-Wadsworth [14, §5] for the theory of inertially split division algebras. Let k be a number field (we need k to be perfect) and let (F, v) be a field with discrete Henselian rank 1 valuation and residue field k. Since v is Henselian it extends to a valuation on any F -central division algebra D ([21, p. 53, Thm. 9]). Let D denote the residue division algebra with respect to this extension. defines an extension of σ to L of order mn.
